We study exact vacuum solutions to quadratic gravity (QG) of the Weyl types N and III. We show that in an arbitrary dimension all Einstein spacetimes of the Weyl type N with an appropriately chosen effective cosmological constant Λ are exact solutions to QG and we refer to explicitly known metrics within this class.
I. INTRODUCTION
In perturbative quantum gravity, corrections have to be added to the Einstein action. Demanding coordinate invariance, these corrections should consist of various curvature invariants. One important class of such modified gravities is quadratic gravity (QG) [1] , whose action contains general quadratic terms in curvature
Varying (1) with respect to the metric leads to vacuum quadratic gravity field equations [2] 1 κ R ab − 1 2 Rg ab + Λ 0 g ab + 2αR R ab − 1 4
These field equations are very complex and a direct approach to finding exact solutions seems to be hopeless. Nevertheless a few exact solutions, such as four-dimensional plane wave [3] , are known. Very recently, n-dimensional AdS waves solving quadratic gravity were also found in [4] using Kerr-Schild ansatz.
In recent years, an algebraic classification of the Weyl tensor generalizing the four-dimensional Petrov classification to arbitrary dimension was developed [5] (see also [6] for an introductory review). Such classification is based on the existence of preferred null directions -Weyl aligned null directions (WANDs) and their multiplicity. Spacetimes not admitting WANDs are of type G and spacetimes admitting WANDs of multiplicity 1, 2, 3 and 4 are of the principal Weyl type I, II, III and N, respectively. Note that both exact solutions of QG mentioned above are of the Weyl type N. Furthermore, for types N and III the Weyl part of the Kretschmann invariant R abcd R abcd appearing in the action identically vanishes which leads to a considerable simplification of the field equations (2). We will thus seek for exact solutions of QG of the Weyl types N and III.
In section II, we study Einstein spacetimes as exact solutions of QG for dimension n > 4. 1 We show that all type N Einstein spacetimes with appropriately chosen effective cosmological constant Λ are exact solutions of QG and we refer to explicit examples of such spacetimes given in the literature.
For type III Einstein spacetimes, vanishing of a quantityΨ (20) plays a key role. Namely, it follows that type III Einstein spacetimes (with appropriately chosen effective cosmological constant Λ) are exact solutions of QG if and only ifΨ = 0. We give examples of type III spacetimes with bothΨ = 0 andΨ = 0. Interestingly, the caseΨ = 0 contains also all type III Ricci-flat pp-waves and therefore these pp-waves are not exact solutions of QG. We also compare the class of exact solutions of QG with other related classes of spacetimes, such as VSI (vanishing curvature invariants) and CSI (constant curvature invariants) spacetimes.
In section III, we study type N vacuum solutions of QG with Ricci tensor containing an additional term corresponding to null radiation. In contrast with the results of the previous section, field equations of generic QG restrict the geometrical properties of the multiple WAND. It follows that all vacuum solutions of generic QG with this form of the Ricci tensor belong to the Kundt class of spacetimes. We then provide examples of such solutions with vanishing and non-vanishing effective cosmological constant Λ.
Notation:
When appropriate we work in a frame n, ℓ, m (i) consisting of two null vectors ℓ, n and n − 2 orthonormal spacelike vectors
where a, b, · · · = 0, . . . n − 1 and i, j, · · · = 2 . . . n − 1 with n being the dimension of the spacetime.
II. EINSTEIN SPACETIMES
Let us first study Einstein spacetimes
as exact solutions to quadratic gravity. If we express the Riemann tensor in terms of the Weyl and Ricci tensors and scalar curvature R = 2n n−2 Λ
then for Einstein spacetimes (4) field equations (2) reduce to
where
Note that in the particular case of theories with vanishing Gauss-Bonnet term (i.e. γ = 0), all Einstein spacetimes with Λ and Λ 0 obeying B = 0 solve (6) . In four dimensions, the Gauss-Bonnet term is purely topological and does not contribute to the field equations and moreover the effective cosmological constant Λ is equal to Λ 0 (7). Thus all four-dimensional Einstein spaces with Λ = Λ 0 solve (6) as well. At the level of the Weyl tensor, this can be seen as a consequence of the identity C cde a
cdef C cdef which holds in four dimensions and which is not valid without additional restrictions for dimensions n > 4 [8] . In the rest of this section we will study various classes of spacetimes where C cde a
cdef C cdef holds in arbitrary dimension due to the vanishing of both terms in the identity.
A. Type N Let us define the following notation
The Weyl tensor of type N expressed in the frame (3), where null vector ℓ is chosen to coincide with the multiple WAND, admits the form [5] (using notation of [9] )
where Ω ′ ij is symmetric and traceless. It follows that for type N spacetimes
and (6) thus reduces to the algebraic constraint B = 0 (7) which, similarly as in the case of (A)dS vacua, prescribes two possible effective cosmological constants Λ of the solution for given parameters α, β, γ, κ, Λ 0 . Thus in arbitrary dimension all Weyl type N Einstein spacetimes with appropriately chosen effective cosmological constant Λ are exact solutions of quadratic gravity (2).
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Large classes of Einstein spacetimes of type N in n dimensions can be obtained by warping (n − 1)-dimensional type N Einstein metric ds 2 ,
and b and d are constant parameters. Necessary and sufficient condition for ds 2 being an Einstein spacetime is [11] 
whereR is the Ricci scalar of ds 2 . It has been shown [12] , that warping an algebraically special Einstein spacetime leads to an Einstein spacetime of the same principal Weyl type.
Let us briefly overview known type N Einstein spacetimes in higher dimensions. The multiple WAND of a type N Einstein spacetime is always geodetic (see [13] for the Ricci-flat case) and without loss of generality we choose an affine parameterization. Then the optical scalars of the multiple WAND, shear σ 2 , expansion θ and twist ω 2 are given by [13, 14] 
respectively. Type N spacetimes can be thus further classified according to the optical properties of the multiple WAND. The Kundt class of spacetimes for which the multiple geodetic WAND obeys θ = 0, σ 2 = 0, ω 2 = 0 admits a metric of the form [15] 
Einstein Kundt metrics are of principal types II, III and N [14] . For Ricci-flat Kundt metrics of type N and III one can set
with corresponding functions W i and H given in [16] . In addition, the Brinkmann warped product [12] can be used to generate Einstein type N Kundt metrics with non-vanishing Λ. Examples of such metrics are given in [15, 17, 18] . [19] (see also [20] and references therein).
In contrast for type N Einstein spacetimes in dimensions n > 4, non-vanishing expansion θ = 0 implies σ 2 > 0 (see [9, 13] ). Higher dimensional metrics belonging to this class can be constructed [21] by warping four-dimensional Robinson-Trautman type N Einstein spacetimes.
Twisting type N Einstein spacetimes: Very few four-dimensional exact solutions of Einstein gravity within this class are known. They include the Ricci-flat Hauser metric [22] and the Leroy metric [23] for negative Λ (see also [24] ). Higher dimensional solutions in this class can be constructed by warping the four-dimensional twisting solutions [21] .
B. type III
For type III spacetimes, the Weyl tensor can be expressed as [5] 
It follows that C cdef C cdef vanishes and
whereΨ
The trace of (6) implies B = 0 and therefore type III Einstein spacetimes with effective cosmological constant Λ obeying B = 0 are exact solutions of QG if and only ifΨ = 0.
From (18) it follows that in four dimensionsΨ = 0. Weyl tensor components of Einstein spacetimes obtained by warping seed metrics ds 2 according to (11) and expressed in coordinates x a = (z, x µ ) are [12] C µνρσ = fC µνρσ , C zµνρ = 0 = C zµzν .
It then follows that the components of C cde a C bcde are given by
with all z-components being zero. Therefore,Ψ also vanishes for all type III Einstein spacetimes obtained by warping four-dimensional type III Einstein spacetimes and these spacetimes are thus also exact solutions of QG. Similarly as in the type N case, we can use seeds ds 2 with vanishing or non-vanishing expansion and twist. Various classes of such Einstein spacetimes are given in [21] .
Let us emphasize that in contrast with the type N case, there exist type III Einstein spacetimes which are not solutions of QG. For instance,Ψ is clearly non-vanishing for type III(a) subclass of type III spacetimes characterized by Ψ ′ i = 0 [5] . Type III(a) Kundt spacetimes with null radiation given in [16] contain type III(a) Ricci-flat subcases. An explicit five-dimensional example of such Kundt metric (15) , (16) is given by [25] 
where h 0 (x 2 , x 3 , x 4 ) is subject to ∆h 0 = 0. Note that this metric is an example of a type III pp-wave [25] (pp-waves are defined as spacetimes admitting a covariantly constant null vector). In fact, all type III Ricci-flat pp-waves belong to the type III(a) subclass since the existence of the covariantly constant null vector ℓ implies C abcd ℓ a = 0 and thus Ψ ′ i vanishes. Therefore, type III Ricci-flat pp-waves are not solutions of QG. Let us also note that based on the above results it is natural to introduce two new subclasses of the principal type III, namely type III(A) characterized byΨ = 0 and type III(B) characterized byΨ = 0. Obviously type III(a) is a subclass of type III(A).
C. Comparison with other classes of spacetimes
It is of interest to compare the set of exact solutions of quadratic gravity (QG) with other overlapping classes of spacetimes, such as pp-waves (pp-waves of a particular Weyl type will be denoted as ppN, ppIII etc.), spacetimes with vanishing curvature invariants (VSI) [26] , spacetimes with constant curvature invariants (CSI) [15] , Kundt subclass of CSI (KCSI) and universal metrics (U) for which quantum correction is a multiple of the metric [27, 28] . In this discussion we will often consider Einstein or Ricci-flat subsets of these sets. They will be denoted e.g. by QG E and QG RF . We consider dimensions n > 4.
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From the definition of U it follows that U ⊂ QG. From the results of [26] it follows that VSI ⊂ KCSI. pp-waves ppN RF and ppIII RF both belong to VSI, but as was shown above ppIII RF ∩ QG is ∅ and therefore VSI RF ⊂ QG and pp RF ⊂ QG. Note also that in higher dimensions ppII RF exist [25] and thus also pp RF ⊂ VSI.
Recently it was conjectured in [28] that U ⊂ KCSI. ppIII RF are examples of spacetimes which are KCSI (and VSI) but not U. Notice however that QG E ⊂ CSI since examples of QG E metrics with non-vanishing expansion mentioned in this section have in general non-trivial curvature invariants [21] .
III. TYPE N SPACETIMES WITH ALIGNED NULL RADIATION
One may attempt to find a wider class of solutions of (2) considering more general form of the Ricci tensor than (4) but still sufficiently simple to considerably simplify (2) . Thus let us study spacetimes of the Weyl type N with the Ricci tensor of the form
where ℓ coincides with the multiple WAND. For the Ricci tensor of the form (25) contracted Bianchi identities
where D ≡ ℓ a ∇ a . This implies that ℓ is geodetic and without loss of generality we can choose an affine parameterization of ℓ so that DΦ = −(n − 2)θΦ. (27) Now following the same steps as for Einstein spaces, we express (2) . Note that Weyl type N (9) also implies C abcd ℓ a =0 which, together with tracelessness of the Weyl tensor leads to the vanishing of the terms containing contraction of the Weyl and Ricci tensors. The field equations (2) reduce to
and B is given by (7) . The trace of (28) yields B = 0 which again determines two possible effective cosmological constants Λ via (7) . The remaining part of (28) reads
Let us briefly comment on the special case β = 0. Then it follows that both A and B vanish and from (29) and (7) one arrives to
If this constraint on Λ admits real solutions, then γ is determined from (29) or (7). Therefore for special values of the parameters of the theory with β = 0 equations (30) and B = 0 are trivially satisfied and all type N spacetimes with the Ricci tensor of the form (25) are exact solutions. However, we are interested in solutions of QG with arbitrary parameters α, β, γ and such special classes of quadratic gravities are beyond the scope of this paper. Thus in the rest of this section we assume β = 0. Contraction of (30) with vectors ℓ and n from the frame (3) gives
This implies that ℓ is non-expanding (θ = 0), shearfree (σ = 0) and non-twisting (ω = 0). Thus all type N solutions of quadratic gravity with the Ricci tensor of the form (25) and β = 0 belong to the Kundt class.
By contracting (30) with two vectors n we obtain the remaining non-trivial component of (30)
A. Explicit solutions
Type N Kundt metrics with null radiation and vanishing cosmological constant admit the form (15), (16) with the frame vectors given by [16] 
These metrics split into two subclasses with vanishing (ε = 0) or non-
The type N condition on the Weyl tensor and the form (25) of the Ricci tensor impose the following constraints on the undetermined metric functions [16] in the case ε = 0
and in the case ε = 1
where B [ĩ] = 0 in both cases andĩ,, · · · = 3 . . . n − 1. For these metrics (30) reduces to
or ∆Φ + (κβ)
Using (41), (42), we can rewrite (37), (39) as Note that due to (7) the assumption Λ = 0 implies Λ 0 = 0 and therefore we are not able to satisfy criticality condition [30] by tuning the remaining parameters α, β and γ.
Case Λ = 0
One may perform a similar procedure in the case of non-vanishing effective cosmological constant Λ. As an example of type N Kundt metric with non-vanishing Λ we take the n-dimensional Siklos metric [29] ds 2 = 1 −λz 2 2dudv + 2H(u,
where λ = 2Λ (n − 1)(n − 2) , z = x n .
The non-expanding geodetic null congruence is k = k a dx a = du. The condition (25) on the Ricci tensor reads
and (30) can be expressed as
where we defined C ≡ 2λ + Aβ 
Using (48), and denoting H vac = H − C −1 z 2 Φ we can rewrite (47) as
Therefore we can take an arbitrary Einstein metric (45) solving (50), 5 and find a solution Φ of (48). Then the metric (45) with H = H vac + C −1 z 2 Φ and Φ solve the QG field equations (2). 5 Large class of such vacuum solutions of Einstein gravity can be found in [29] . 6 Note that this method for generating solutions of QG cannot be used for critical points of quadratic gravities [30] since in such case C = 0.
